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Abstract

The article presents a mathematical model to simulate three-phase (liquid/liquid/gas) stratified and slug

flows. The approach is based on the one-dimensional transient two-fluid model in which the two-phases

consist of the gas and the mixture of the two liquids, with the motion of the liquid phases relative to each

other being modelled via a drift–flux model. In order to close the model, a scalar transport equation for the

conservation of mass for one of the liquid phases is introduced. Other closure models incorporated relate to

the liquid–liquid flow pattern (stratified or fully dispersed), the phase inversion point (when the continuous
liquid phase becomes dispersed in the other and vice-versa), the slip between the liquid phases and the

mixture viscosity (which changes abruptly when phase inversion occurs). The equations are solved nu-

merically using a previously developed finite volume methodology that had been applied to the prediction

of two-phase slug flow and by which liquid slugs are automatically captured as an outcome of the numerical

integration. The new method is applied to the study of the flow of oil, water and air in horizontal pipes. The

method is shown to be able to predict locally whether the two liquids form a dispersion (of either oil

droplets in water continuous flow (O/W) or water droplets in oil continuous flow (W/O)) or flow in

stratified layers. It is demonstrated that the developed model is capable of correctly predicting slugging, and
is moreover able to reproduce successfully observed experimental trends for the major slug properties, such

as pressure gradient, slug frequency, and total liquid hold-up. The study revealed that the slip between the

two liquid phases plays a major role in determining the slug characteristics in three-phase flow.
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1. Introduction

Three-phase flow of two liquids and gas occurs often, especially in the production of hydro-
carbons from oil and gas fields when oil, water, and natural gas flow in the transporting pipelines.
In such environment, a frequently encountered flow pattern is slug flow. The prediction of three-
phase gas/liquid/liquid flows is therefore of importance to industry.

Bearing in mind that even two-phase gas–liquid flows are highly complex, it is immediately
apparent that the addition of a third phase will substantially add to this complexity. In such flow,
physical phenomena additional to those occurring in two-phase flow play a crucial role. A major
difference between two and three-phase flow, lies in the fact that in the latter, the presence of two
liquids gives rise to a wider variety of flow patterns (Hall, 1997). Depending on the flow rates of
the phases, if sufficient mixing takes place, one liquid may be dispersed in the other; otherwise, the
liquids will flow in separate layers. Still within the stratified pattern, mixing layers at the liquid–
liquid interface may develop in such a way that even the stratified configurations consist of dif-
ferent phase distributions (Ac�ikg€ooz et al., 1992).

Ac�ikg€ooz et al. (1992) investigated an oil–water–gas system flowing in a horizontal Plexiglas
tube of 5.78 m length and 19 mm internal diameter. The oil used was a North Sea crude, with
a dynamic viscosity of lO ¼ 0:1164 Pa s, almost 116 times more viscous than the water phase.
The superficial velocities ranged between 0.15–50 m/s for the air, 0.043–0.24 m/s for the oil,
and 0.004–0.66 m/s for the water. Different flow pattern maps were constructed for different
values of the oil superficial velocity UO. The authors classified the flow patterns according to
the combination of the following flow properties: (i) liquid phase that is predominantly in con-
tact with the pipe walls, (ii) liquid–liquid flow pattern (either separated or dispersed), (iii) rele-
vant flow pattern between the liquid (oil +water) and the gas phases. For the first part of their
three-phase flow pattern determination, Ac�ikg€ooz et al. identified either oil based, or water
based flows; for the second part dispersed, separated, or separated–dispersed liquid–liquid flow;
for the third part they identified six possible patterns: stratified, wavy, plug, slug, annular, and
dispersed.

Pan (1996) studied three-phase slug flow experimentally using a pipe made of stainless steel, 38 m
long and 77.92 mm internal diameter. The oil used was highly viscous (lO ¼ 48 mPa s), almost 50
times more viscous than water. The oil–water surface tension was rOW ¼ 0:03 N/m. The flow
patterns could be obtained at the end of the test section by visualisation, through an acrylic section,
encased in a high pressure tube, using a 24 frame per second video camera that recorded the flow
through the acrylic section. The type of classification adopted by Pan (and other subsequent re-
searchers) was to base the flow regimes firstly on the liquid–liquid flow pattern (either fully dis-
persed or segregated flow), secondly on the identity of the continuous phase in the case of
dispersion (either oil or water continuous), and finally on the gas–total liquid (oil +water) flow
pattern (bubble, stratified, plug, slug, or annular). The approach is therefore quite similar to that
used by Ac�ikg€ooz et al.

When mixing of the phases takes place, either of the two-phases (oil or water) may be con-
tinuous, and the other dispersed (in the form of droplets). Phase inversion, whereby the contin-
uous and dispersed phase spontaneously exchange role, may also occur. Such phenomenon is
common, and occurs in a wide range of industrial applications. However, the intricate mecha-
nisms responsible for phase inversion and the effect of physical and geometrical parameters on it
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are not well understood yet. Depending on which phase is continuous and which is dispersed, the
pressure gradient in either case can be quite different; it is therefore very important to predict the
occurrence of phase inversion. When phase inversion takes place, an abrupt change in the fric-
tional pressure drop of the oil–water mixture was observed by investigators, such as Malinowsky
(1975), Hall (1992), Pan (1996), and Odozi (2000). This is because the viscosity of the mixture is
largely determined by which of the phases is continuous and which is dispersed. For example,
Malinowsky (1975) conducted slug flow experiments with low viscosity oils (lO � 4–5 mPa s) in a
horizontal transparent acrylic pipe of length 29.7 m and internal diameter of 38.1 mm, at pressure
of 2 bar. The ranges of the superficial velocities employed in the experiments were as follows: 1.5–
4.3 m/s for the air, 0.26–1.36 m/s for oil, and 0.19–2.08 m/s for water. The oil–water surface
tension was rOW ¼ 0:023 N/m. The majority of the flow tests were performed in slug flow, except
those for the highest gas velocities in which the observed pattern was between misty annular and
slug. Malinowsky (1975) assessed the Beggs and Brill (1973) pressure gradient correlation against
his experimental data, supposing that the oil–water mixture had a viscosity obeying linear in-
terpolation between that of the oil and water phases. As the correlation constantly under-pre-
dicted his measurements (by up to 50%), Malinowsky (1975) concluded that the linear viscosity
approximation for the oil–water mixture was a poor representation. By applying the Beggs and
Brill (1973) pressure gradient correlation, he then back calculated the mixture viscosity from the
known experimental values of the pressure gradient, and found that the oil–water mixture vis-
cosity can be several times greater than that of the pure liquid phase: in the oil continuous region
Malinowsky (1975) found that the mixture viscosity was about 30 times the oil viscosity for a 50%
water input fraction.

Odozi (2000) measured the liquid hold-ups in three-phase slug flow using a dual gamma
densitometer, while measuring the pressure drop using two pressure transducers mounted close to
the pipe exit. The experimental campaigns were mainly made for a horizontal pipe configuration.
The ranges of superficial velocities were as follows: 0–24 m/s for air, and 0–0.5 m/s for both oil and
water. Instead of keeping either liquid flow rate constant, Odozi kept the total liquid flow rate
constant. Most of the experimental runs were within the slug flow regime. For the highest gas
velocities (UG > 4 m/s) full dispersion between oil and water within the slug (body+film) was
observed. For that range of superficial gas velocities, the pressure always showed a peak (cor-
responding to the phase inversion point), at water-cut ratios that shifted towards higher values as
the gas flow rate increased. This observation could be explained as follows: as the gas flow rate
increases, the body of the slug would become more aerated, and the presence of gas bubbles would
increase the water fraction required to invert the mixture. The peak of the pressure gradient could
be predicted with a fairly good accuracy using the correlation of Beggs and Brill (1973) in con-
junction with a non-linear model for the mixture viscosity (Odozi, 2000; Odozi et al., 1998) based
on the Brinkman equation (1952).

Measurements that are apparently contradictory to the above trends can be found in the lit-
erature. For instance, Stapelberg and Mewes (1994), in contrast to the aforementioned investi-
gators, did not notice any peak in the pressure drop in their experiments within the three-phase
slug flow regime. Furthermore, these authors noticed that for low gas velocities (UG < 1 m/s), the
pressure gradient was bounded by the two-phase air–oil and air–water pressure gradient, whereas
for higher values of gas velocities the three-phase pressure gradient was actually smaller than that
of two-phase air–water slug flow.
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Modelling work on three-phase slug flow is scarce when compared with that on two-phase flow.
To the knowledge of the authors, only two references are available, and both concern the com-
puter code PeTra (Larsen et al., 1997; Larsen and Hedne, 2001), which caters to four gas–liquid
flow regimes (stratified, annular, slug, and dispersed), while assuming that the liquid phases al-
ways flow in a segregated state when in the stratified or slug flow regimes. The latest version of the
method (Larsen and Hedne, 2001) accounts for liquid drop entrainment into the gas layer in
three-phase stratified flow, and into the gas core in annular flow. The code is based on the
transient one-dimensional three-fluid model (Barnea and Taitel, 1996) and solves five continu-
ity equations (for gas, oil film, water film, oil droplets, and water droplets), three momentum
equations (for oil film, water film, and for gas + oil droplets +water droplets), one mixture energy
equation, and one pressure equation. Like in the OLGA (Bendiksen et al., 1991), and TACITE
(Pauchon et al., 1994) two-phase codes a minimum slip criterion predicts the onset of slugging for
the case of hydrodynamic slug formation. Terrain induced slugs are determined from the pipeline
topography when large gradients of liquid hold-up are detected. Thus, the method, unlike the one
presented here, is not of the ‘‘slug capturing’’ variety, in that the slugs are artificially introduced
into the domain based on some local flow criteria. When slugs are predicted to form by either
mechanism, a slug tracking option is then automatically activated (Zheng et al., 1994; Taitel and
Barnea, 1998; Nydal and Banerjee, 1996), to follow the slugs using an adaptive moving grid in a
Lagrangian frame. Like with other slug tracking techniques, closure relations (wall and interfacial
friction factors, entrainment and deposition rates, and bubble nose velocity) are invoked. How-
ever, the method does not incorporate a model to account for all the possible liquid–liquid flow
patterns that occur. The PeTra code has been tested (Larsen and Hedne, 2001) on a three-phase
severe slugging case, with encouraging results.

The present work presents a mathematical model developed to simulate three-phase slug flow,
and the calculations carried out to validate it. The present approach uses a two-fluid model to
represent the gas and liquid mixture phases in conjunction with a drift–flux relation to account for
the slip between the liquid phases. Thus, continuity and momentum equations are solved for the
gas and the combined liquid phases. In order to close the model, a scalar transport equation for
the conservation of mass of the water phase is formulated. Other closure models concern the
liquid–liquid flow pattern (stratified or fully dispersed), the phase inversion point, the slip between
the liquid phases and the friction factors. The numerical methodology applied is based on the slug
capturing technique that was presented by Issa and Kempf (2003).
2. The model

2.1. The transport equations

The model is required to describe the flow of one gas and two liquid phases. The most obvious
option here is to apply the three-fluid model set of equations (Barnea and Taitel, 1996). However,
such a model introduces much additional complexity and demands much more computer re-
sources compared to the two-fluid model for two-phase flow. A plausible alternative lies in the
application of a drift–flux model (such as that used by Ishii, 1978) to the liquid motion, wherein
the slip velocity is related to other quantities of the flow by an algebraic expression. Using a drift–
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flux allows the reduction of the number of equations (and consequently of variables for which to
solve). This is the approach adopted here, wherein the two liquids (say oil and water) are treated
as a single liquid phase thereby reducing the number of transport equations from six to five.
Although this reduction may not appear to be significant, in actual fact it greatly simplifies the
numerical procedure needed to solve the equations, since:

(a) The reduced set has the same four main variables as the two-fluid model equations, namely,
one phase fraction, the gas velocity, one liquid (mixture) velocity, and the interfacial pressure.
The fifth variable (i.e. the phase fraction of one of the liquid phases) does not feature explicitly
in the other transport equations, and can therefore be treated as an auxiliary quantity ob-
tained separately from its own scalar transport equation.

(b) The mass fluxes which are required to satisfy overall continuity are only two (rather than
three).

(c) The compatibility condition (phase fractions must sum to unity) involves only two-phase frac-
tions; the third is obtained from an �auxiliary� equation (being the continuity of one of the liq-
uid phases).

As a consequence of the above factors, the new model is only marginally different from the two-
fluid model that applies to two-phase flow, and can therefore (see Section 3 where the numerical
procedure is outlined) be implemented without much effort in a numerical solution procedure
based on the framework of the two-fluid model. Yet the model, as will be seen shortly, is able to
handle three-phase slug flow remarkably well.

In the new approach, the information that determines the local liquid flow structure, such as the
oil–water flow pattern, or the viscosity of the dispersion once the liquids become mixed, has to be
fed into the equations by means of appropriate closure models. In the present approach, segre-
gated (Fig. 1) and fully dispersed (Fig. 2) oil–water flows are catered for by the model. Clearly,
these flow patterns represent an idealisation since, as was mentioned earlier, dispersions can still
occur between stratified liquid layers thereby leading to more complex flow structures. However,
it is felt that these additional complexities are of second order importance and that the essential
features of the flow can be adequately represented by the present idealised model. However, an
important phenomenon that plays a major role that must be catered for is phase inversion. To
account for this flow feature, a correlation for the determination of the inversion point is intro-
duced in order to identify which of the liquid phases is continuous and which is dispersed in the
liquid mixture. A representative scheme of the possible combinations of liquid flow patterns is
displayed in Fig. 3.
Gas

Oil

Water

Fig. 1. Stratification of the liquid phases.
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Oil & Water

Fig. 2. Dispersion of the liquid phases.
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Fig. 3. Possible combinations of liquid–liquid flow patterns catered for by the present model.
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The starting point in deriving the governing equations is the three-fluid model, in which
transport equations are formulated for each phase (Barnea and Taitel, 1996). The continuity and
momentum equations for the two liquids (say oil and water) are then combined together to obtain
new equations in terms of liquid mixture quantities; details of this derivation are given in Bonizzi
(2003) and are hence omitted here. The new mixture quantities are:

ii(i) the liquid phase hold-up aM, given by the sum of the oil and water fractions (aM ¼ aO þ aW),
related to the gas voidage aG through the fundamental relation
aM þ aG ¼ 1; ð1Þ

i(ii) the in situ water-cut cW, defined by the ratio of water to total liquid hold-up (cW ¼ aW=aM)
(iii) the mixture density qM, which is a linear function of oil and water densities given by:
qM ¼ ð1� cWÞqO þ cWqW; ð2Þ

(iv) the liquid centre of mass velocity uM (Ishii, 1978), expressed as follows:
uM ¼ ð1� cWÞqOuO þ cWqWuW
qM

: ð3Þ
If the slip velocity between oil and water is defined as:
us ¼ uO � uW; ð4Þ
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then it is possible to derive expressions for the oil and water velocities from Eqs. (3) and (4) as:
uO ¼ uM þ cWqWus
qM

; ð5Þ
and
uW ¼ uM � ð1� cWÞqOus
qM

; ð6Þ
respectively. As shown later, the slip velocity is determined by a scalar equation that depends on
the local liquid–liquid flow pattern.

In the present model, the gas is regarded as a compressible fluid obeying the ideal gas law, while
both liquids are taken to be incompressible; the flow is treated as isothermal. The equations
solved, for stratified unaerated slug three-phase flow, with no mass exchange between the phases,
are as follows (Bonizzi, 2003):

• gas continuity equation:
oðqGaGÞ
ot

þ oðqGaGuGÞ
ox

¼ 0; ð7Þ
• liquid phase (mixture) continuity equation:
oðqMaMÞ
ot

þ oðqMaMuMÞ
ox

¼ 0; ð8Þ
• water-cut transport equation:
oðqWcWaMÞ
ot

þ oðqWcWaMuWÞ
ox

¼ 0; ð9Þ
• gas momentum equation:
oðqGaGuGÞ
ot

þ oðqGaGu
2
GÞ

ox
¼ �aG

op
ox

� aGqGg sin b� sGLSGL

A
� swGSG

A
; ð10Þ
• liquid phase (mixture) momentum equation:
oðqMaMuMÞ
ot

þ oðqMaMu
2
MÞ

ox
¼ �aM

op
ox

� aMqMg
oh
ox

cosb� aMqMg sinbþ sGLSGL

A

�
PN

K¼1 swKSK
A

þ XþW; ð11Þ
where the subscripts G, M , and W refer to the gas, mixture, and water phases respectively. The
axial coordinate is x; the density is q; the phase fraction is a; the liquid-cut is c; the velocity is u; the
interface (and gas) pressure is p; the liquid-mixture height is h; SL and SG are the liquid–wall, and
gas–wall wetted perimeters respectively; SGL represents the liquid–gas interfacial chord; s is the
shear stress; A is the pipe cross sectional area; the pipe inclination is b, and the acceleration due to
gravity is g. The index N in the summation on the right hand side of Eq. (11) denotes the number
of liquid phases in contact with the pipe walls; hence its value is 2 (i.e. oil and water) in case
of stratified liquids, and 1 if the liquids are dispersed, since it is herein assumed that only the
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Fig. 4. Geometrical parameters for three-phase stratified flow with segregation of the liquid phases.
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continuous liquid wets the pipe walls. The geometrical parameters are displayed in Fig. 4 which
depicts the case of stratification among the three-phases.

The X and W terms in Eq. (11) are given by the following relations:
X ¼ � o

ox
aMcWð1� cWÞqWqOu

2
s

qM

� �
; ð12Þ
and:
W ¼ aMðqM � qOÞg cos b
oh
ox

� aWðqW � qOÞg cos b
ohW
ox

; ð13Þ
when the liquids flow in a segregated state; otherwise the latter is 0 if the liquids are fully dis-
persed. The derivatives of the liquid heights in Eq. (13) are related to the respective liquid frac-
tions by:
oh
ox

¼ pD
4 sinðc=2Þ

oaM
ox

ð14Þ
and
ohW
ox

¼ pD
4 sinðcW=2Þ

oaW
ox

ð15Þ
here D is the pipe diameter and angles c and cW denote the stratification angles for the total liquid
and water layer respectively, as shown in Fig. 4.

An important feature of the model is the combination of the two liquid equations to yield
mixture equations. This however, introduces a new variable, us, which is the slip velocity between
the liquid phases; a closure relation is required to specify this velocity.

When the liquids are in the stratified state, the slip velocity is here calculated from the oil and
water momentum equations assuming local equilibrium conditions (Ishii, 1978). Therefore, by
neglecting derivatives with respect to time, static head and inertia terms in the original momentum
equations, an expression for the slippage can be obtained as (Bonizzi, 2003):
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us ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2A

fOWqOSOW

ð1� cWÞswWSW
A

� cWswOSO
A

þ cWsGOSGO

A
þ cWaOðqW � qOÞg sinb

����
����

s
; ð16Þ
where the wetted perimeters and interfacial widths are as shown in Fig. 4, and the oil–water inter-
phase friction factor is denoted by fOW (closure for the friction factors is the subject of Section
2.3).

When the liquid phases mix, thereby forming a dispersion, the mixture is treated as a homo-
geneous flow (i.e. with zero slippage, us ¼ 0). This is a justifiable assumption provided that the two
liquids have similar densities as is the case of water and oil considered here; otherwise, the slip
velocity may not be negligible, in which case an appropriate closure model for it would be needed,
but developing such a model is not a difficult task.
2.2. Characteristics analysis

The two-fluid model equations for stratified and slug flows (which contain the hydrostatic term,
aqgoh=ox) are conditionally hyperbolic and therefore can be well-posed as initial-value problem
(see e.g. Banerjee and Chan, 1980; Issa and Kempf, 2003). The task here is to investigate the
nature of the new proposed model, and to establish that the system is still conditionally well-
posed. In what follows, a study of the characteristics for the proposed set of equations is carried
out, and this will show that for the cases considered (in the validation exercise presented later),
real characteristics exist.

The set of Eqs. (7)–(11) represents a system of first order partial differential equations that can
be written in a compact form as:
A
oU
ot

þ B
oU
ox

¼ C; ð17Þ
where A and B are coefficient matrices (of dimension 5 by 5 in the present case), U is the solution
vector here corresponding to
U ¼ ½aG; cW; uG; uM; p�T; ð18Þ

and C is a vector containing all the algebraic terms. The initial value problem under consideration
is to find a solution of system (17) in some region:
a6 x6 b; tP 0; ð19Þ
subject to the initial condition:
Uðt ¼ 0; xÞ ¼ GðxÞ; ð20Þ

and values of U or its derivatives defined on the boundaries x ¼ a and x ¼ b. The system (17) is
defined to be well-posed (or hyperbolic) when the equations with appropriate boundary condi-
tions and initial values admit a unique solution and this solution depends continuously on the
initial data and boundary conditions. The mathematical character of a set of partial differential
equations is provided by the solution of the eigenvalue system (Hirsch, 1988):
det½B� kA� ¼ 0: ð21Þ
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A necessary condition for the system to be well-posed, is that the roots (that physically represent
the characteristics of the system) of Eq. (21) are all real and distinct. These characteristics rep-
resent the velocities at which the information travels through the domain.

Although gas compressibility effects are taken into account in the present model, the analysis of
the compressible form of the model equations is too complex to present here. In any event, such
analysis is deemed unnecessary, since the non-hyperbolicity problem arises equally with incom-
pressible fluids. Hence, in order to simplify the analysis, the gas phase is here treated as incom-
pressible (but only for the purpose of the characteristics analysis). Furthermore, the analysis is
carried out for a horizontal pipe (b ¼ 0).

When all differential terms in Eqs. (7)–(11) are expressed as function of the unknowns of the
solution vector (Eq. (18)), the coefficient matrices A and B become respectively:
A ¼

1 0 0 0 0

�qM aMðqW � qOÞ 0 0 0

�cW aM 0 0 0

uGqG 0 aGqG 0 0

�uMqM uMaMðqW � qOÞ 0 uMqM 0

2
66664

3
77775; ð22Þ
and
B ¼

uG 0 aG 0 0

�qMuM aMuMðqW � qOÞ 0 aMqM 0

�cWuM þ cWð1�cWÞqOus
qM

aMuM � aMqOusðqOð1�cWÞ2�qWc2
W
Þ

q2
M

0 cWaM 0

qGu
2
G 0 2aGqGuG 0 aG

H Z 0 2aMqMuM aM

2
666664

3
777775;

ð23Þ
where the first two coefficients in the last row of the B matrix are given by
H ¼ �qMu
2
M � aMqMgDL þ cWaMðqW � qOÞgDL � c2WaMðqW � qOÞgDW

� ðcW � c2WÞqOqWu
2
s

qM

; ð24Þ
and
Z ¼ aMðqW � qOÞu2M þ cWa2MðqW � qOÞgDW þ aMqWqOu
2
s ðqOð1� cWÞ2 � qWc

2
WÞ

q2
M

; ð25Þ
respectively, where DL and DW are defined from Eqs. (14) and (15) as pD=ð4 sinðc=2ÞÞ and
pD=ð4 sinðcW=2ÞÞ respectively. The characteristics equation can then be formulated by inserting
the matrix expressions given by (22)–(25) into Eq. (21); the resulting cubic equation in the ei-
genvalue k is too long to present here and is omitted for brevity. Moreover, the analytic solution
to that equation is quite complicated and tedious; instead, the roots are computed here numer-
ically to illustrate the existence of real characteristics. Such numerical evaluation needs as input,
values of the gas and liquid phase fractions as well of the velocities. Two such calculations are
presented here for typical values of flow variables arising in actual slug flow cases investigated
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experimentally and used in the validation study presented in Section 4. The cases relate to three-
phase gas–oil–water slug flow, where the air and total liquid superficial velocities are 4.0 and 0.5
m/s respectively. Figs. 5 and 6 show the computed characteristics of the system, plotted versus the
whole spectrum of water-cuts, for two different values of the gas void fractions (0.1 and 0.7 re-
spectively). These values pertain to regions in the flow where a slug is about to form (ag ¼ 0:1) and
where a thin liquid film exists (ag ¼ 0:7). As can be seen from the diagrams, the three characteristic
velocities k1, k2, k3 are all real and distinct in both cases, thus verifying that the governing
equations (6)–(10) are hyperbolic for the given conditions. This has also been verified for nu-
merous other flow conditions with different values of ag. It can also be observed that the values of
the eigenvalues are all positive hence implying that the characteristics run in the direction of the
flow.

When gas compressibility is accounted for, two more eigenvalues (i.e. characteristics), k4 and k5
can be found (Bonizzi, 2003). These are related to compressibility waves and are given by:
Fig. 5

stratifi
k4;5 � �c; ð26Þ
where c is the speed of sound.
It is clear that for some flow conditions, with gas compressibility accounted for, the equation

system is well posed with five characteristics present, four running in the direction of the flow, and
the fifth in the opposite direction. This therefore dictates the number of boundary conditions to be
imposed: four quantities must be specified at inlet and one at outlet.

It should be remarked, that the equation system is only conditionally well-posed and some flow
conditions can result in an ill-posed system, in which case a unique numerical solution is unob-
tainable as demonstrated in the case of two-phase flow by Issa and Kempf (2003). Such cases are
avoided in the present work.
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2.3. Model for determination of phase inversion and liquid–liquid flow pattern

Most of the available literature on phase inversion, concerns two-phase liquid–liquid flow
(Arirachakaran et al., 1989; N€aadler and Mewes, 1995; Decarre and Fabre, 1997; Brauner and
Ullmann, 2002). To the knowledge of the present authors, no theoretical investigation into this
phenomenon has been made in three-phase gas–liquid–liquid systems. All that exists in the lit-
erature are different correlations for the calculation of the phase inversion point.

Phase inversion in three-phase gas–oil–water flows was studied experimentally by several au-
thors, such as Malinowsky (1975), Pan (1996), and Odozi (2000). In general these investigators
found that the phase inversion is a strong function not only of the total liquid mixture velocity,
but also of the gas superficial velocity. Utvik et al. (1998) reported a shift in the phase inversion
point from 40–50% at low gas fractions, to up to 95% for very high gas fractions. Valle (1998)
suggested that gas bubbles would inhibit the coalescence of oil drops at very high gas fractions
(where the gas aeration is enhanced), therefore increasing the value of water fraction that would
lead to inversion of the liquid/liquid mixture. This was also found to be true by Odozi (2000), who
curve-fitted his experimental data with the following expression:
Cinv
W ¼ 0:3372 U 0:2219

G ; ð27Þ
where Cinv
W represents the water fraction at the inversion point (CW ¼ UW=ðUO þ UWÞ). The above

equation is a crude fit to the data, and is given as function of the gas superficial velocity only. It is
therefore of limited generality since it is not non-dimensional and does not involve any surface
chemistry or physical property of the liquid phases.

The most comprehensive model for phase inversion that caters for the important physical
phenomena appears to be that of Decarre and Fabre (1997). This model, as it will be seen shortly,
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accounts for both turbulent and laminar dispersions; the capability of predicting the occurrence of
the latter is extremely important, especially when highly viscous oils are used. Although the model
was developed for two-phase flow, it is herein extended to three-phase flows assuming that the oil
and water locally flow in an equivalent pipe with a diameter corresponding to that hydraulic
DM ¼ 4AM=SM.

The Decarre & Fabre model is based on principles of thermodynamics for the minimisation of
the total system energy, assuming local homogeneous flow between the phases. Hence, from Eqs.
(5) and (6) one can deduce that the liquid dispersion flows at the velocity of the centre of mass uM.
Now, the Reynolds numbers of the liquids are defined as:
ReK ¼ qKuMDM

lK

: ð28Þ
with K denoting either oil or water.
There exist three possible situations when phase inversion occurs: (i) flow conditions in which

the flow regime remains laminar (ReK 6 2100) regardless of which phase is continuous and which
is dispersed, (ii) flow conditions in which the flow regime remains turbulent (ReK > 2100), or (iii)
flow conditions in which there is a mixed laminar/turbulent flow regime (for instance ReO 6 2100
and ReW > 2100). For each of the three possible conditions, Decarre & Fabre derived related
equations to determine the phase inversion. These are:
Cinv
W ¼ 1� 1

(
þ lW

lO

� �2=3
)�1

; ð29Þ
for a flow regime remaining laminar (ReK 6 2100) when inversion occurs,
Cinv
W ¼ 1� 1

(
þ lW

lO

� �1=14 qW

qO

� �5=14
)�1

; ð30Þ
for a flow regime remaining turbulent (ReK > 2100) when inversion occurs, and
ðCinv
W Þ7=5

1� Cinv
W

¼ 0:145

1:15� 23=5
ðrOWfwWÞ2=5ðDMqWÞ

3=5 u0:2M

l5=6
O l1=6

W

; ð31Þ
for a flow regime being laminar when the oil is the continuous phase, and turbulent when the
water is the continuous phase. In the above equations, rOW represents the oil–water surface
tension, and fwW the water-wall friction factor.

In order to determine locally (i.e. inside each control volume of the computational mesh) which
phase is continuous and which is dispersed when the liquids are mixed, the following inequality
has to be continually checked:
cW PCinv
W : ð32Þ
If relation (32) is satisfied, then water is considered to be the continuous phase; otherwise it is the
oil.

In order to establish whether the oil–water flow is within the dispersed flow regime (as opposed
to stratified) the maximum droplet size (dmax) that can generate under the specific flow conditions
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and physical properties of the liquids needs to be determined first. In fully turbulent conditions,
the droplet size that originates can be obtained (according to Hinze, 1955) from a critical Weber
number Wecrit ¼ sdmax=r where s represents the shear force acting on the droplet and r is the
liquid/liquid surface tension. Here the value of the critical Weber number of 1.17 as recommended
by Brauner (2001) is used. In the case when the continuous phase flows in a laminar state the value
of dmax may be found following the recommendation of Decarre & Fabre who used the solution of
the Stokes equations by Hinch and Acrivos (1979) for droplet break-up in a two-dimensional
straining motion; that solution is given by the left hand side of Eq. (34) below. Next, it is necessary
to determine values of the critical droplet size (dcrit) above which liquid–liquid dispersions cannot
exist. This critical droplet diameter is usually arrived at by considering agglomeration effects that
tend to lead to droplet coalescence, as well as of migration of droplets to the upper part of the wall
(phenomenon termed as creaming) due to buoyancy (Barnea, 1986). The approach proposed by
Brauner and Moalem Maron (1992) and by Brauner (2001), and adopted here, stipulates that for
the transition from stratified to fully dispersed regimes to occur, dmax must be smaller or equal to
dcrit. This therefore leads to the following criteria:
1:15DM

22=5
qcDMu2M
rOW

� ��0:6
fc

ð1� cdÞ

� ��0:4

6Min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6:0rOW

jqW � qOjg cosb

� �s
;
3

8

qc

jqW � qOj
fcu2M
g cosb

( )
;

ð33Þ

when the continuous phase flow is turbulent; otherwise:
0:145

2
DM

rOW

lcuM

ld

lc

� ��1
6

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6:0rOW

jqW � qOjg cos b

� �s
; ð34Þ
if the dispersion is laminar. In Eqs. (33) and (34) subscripts c and d denote continuous and
dispersed phase respectively. If the values of the liquid densities approach each other, the critical
drop sizes on the right hand sides of Eqs. (33) and (34) would tend to infinity, and therefore would
lose its physical meaning. Under these circumstances, Brauner (2001) suggested that for E€ootv€oos
numbers defined as:
Eo ¼ jqW � qOjgD2
M

8rOW

ð35Þ
smaller than 0.2, the critical drop size should be scaled with the pipe diameter DM, and recom-
mended to take dcrit � 0:5DM.
2.4. Friction factors

In the case of liquid stratification in three-phase flow, five shear stresses must be defined. These
are: the wall shear stresses for water swW, oil swO, and gas swG, as well as the interfacial shear
stresses between the gas and the liquid phase sGL, and that between the oil and water sOW. These
are defined as follows:
swW ¼ fwW
qWjuWjuW

2
; ð36Þ
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swO ¼ fwO
qOjuOjuO

2
; ð37Þ

swG ¼ fwG
qGjuGjuG

2
; ð38Þ

sGL ¼ fGL

qGjuG � uKjðuG � uKÞ
2

; ð39Þ
and
sOW ¼ fOW

qOjuO � uWjðuO � uWÞ
2

; ð40Þ
respectively. The subscript K in Eq. (39) denotes the liquid phase in contact with the gas (i.e. oil if
the liquids flow in a stratified state or if the dispersion is oil-based, or water if the dispersion is
water-based). The wall friction factors are calculated using the same correlations applied to two-
phase slug flow (Issa and Kempf, 2003). In particular, the Hand formula (1991) is used for the
liquid wall friction factor:
fwK ¼ 24

ReK
; ð41Þ
for laminar flow (ReK 6 2100), and
fwK ¼ 0:0262ðaKReKÞ�0:139
; ð42Þ
for turbulent flow (ReK > 2100), where the subscript K stands for either the oil or water phase.
The liquid Reynolds number is defined as follows:
ReK ¼ qKuKDK

lK

; ð43Þ
where the liquid phase hydraulic diameter is expressed as:
DK ¼ 4AK

SK
: ð44Þ
The gas wall friction factor is given by the following equation:
fwG ¼ CGRe
�nG
G ; ð45Þ
where the gas hydraulic diameter is defined as:
DG ¼ 4AG

SG þ SGL

: ð46Þ
The coefficients CG and nG in Eq. (45) take the values of 0.045 and 0.25 if the gas flows in a
turbulent state, or 16 and 1 if laminar. The oil–water interfacial friction factor is chosen to be a
fixed value, following the recommendations of Taitel et al. (1995) and Khor et al. (1997):
fOW ¼ 0:014: ð47Þ

If the oil and water disperse, the oil–water shear stress becomes redundant (as it is subsumed into
the drift–flux relation used to specify the slip velocity). The liquid–wall friction factor is still
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calculated from Eqs. (41) and (42) but using the properties of the liquid mixture. Hence, the liquid
Reynolds number is calculated as follows:
ReM ¼ qMuMDM

lM

; ð48Þ
where the mixture viscosity is calculated using the Brinkman law (1952):
lM ¼ lc

ð1� cdÞ2:5
: ð49Þ
The liquid–wall shear stress is given by the following expression:
swL ¼ fwL
qMjuMjuM

2
: ð50Þ
The gas–liquid interfacial friction factor is expressed as:
fGL ¼ CiRe
�ni
i ; ð51Þ
where the inter-phase Reynolds number is given by:
Rei ¼
qGjuG � uKjDG

lG

: ð52Þ
The coefficients Ci and ni are calculated as in Eq. (45).
3. Numerical implementation

The equations solved by the model are (7)–(11), with a solution vector consisting of the fol-
lowing primitive variables: gas void fraction, water-cut, gas and liquid velocities, and interfacial
pressure. There are strong similarities between the new three-phase slug flow algorithm and the
existing technique for two-phase flow of Issa and Kempf (2003), the main difference being that the
liquid phase is now composed of two liquid components (i.e. oil and water). There is now one
more transport equation to be solved for the water fraction in the liquid mixture (Eq. (9)).
Therefore, the three-phase algorithm could easily be implemented in the framework of the existing
methodology, and the main features of the code remain practically unaltered. The equations are
discretised using the finite volume formulation, with Euler-implicit discretisation in time, and first
order upwind in space. The grid arrangement is staggered (i.e. the scalar properties are stored at
the centres of the control volumes, and the velocities at the cells faces) as described by Issa and
Kempf (2003). Fig. 7 shows the staggered grid arrangement for the one-dimensional domain, and
depicts control volumes for the velocities and scalar-variables. In the figure, symbols e and w
denote the boundaries of the cells that are centred on node p. The finite volume formulation of the
continuity equation, integrated between the times to and tn ¼ to þ Dt, is given, for either gas or
liquid, by:
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Fig. 7. Staggered grid arrangement. (a) Staggered mesh, (b) Scalar control volume, (c) Velocity control volume.
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that can be written in a more compact form as:
apanp ¼ anwa
n
w þ anea

n
e þ Sa; ð54Þ
where ae, aw and ap are finite difference coefficients representing the convective fluxes and Sa
containing the rest of the terms. The discretised momentum equation is as follows:
Dx
Dt
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Dx
Dt

qo
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o
pu

o
p þ Su; ð55Þ
where Su accounts for the whole of the source terms in Eqs. (10) and (11). Eq. (55) can be written
in a more compact form using the operator H that stands for the finite-volume representation of
the spatial convective fluxes, as:
Dx
Dt

qn
pa

n
pu

n
p

�
� qo

pa
o
pu

o
p

�
¼ HuðunpÞ � anpðpne � pnwÞ þ Su: ð56Þ
An overall continuity equation can now be obtained by combining the two continuity equations
for the gas and liquid phases (7) and (8), each weighted by its related density, to give:
Dx
Dt

1

qref
M

ðanM;pq
n
M;p

 
� aoM;pq

o
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qref
G

ðanG;pq
n
G;p � aoG;pq

o
G;pÞ
!

þ 1

qref
M

ðanM;eq
n
M;eu

n
M;e � anM;wq

n
M;wu

n
M;wÞ þ

1

qref
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n
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n
G;wu

n
G;wÞ: ð57Þ
If the velocities as expressed in Eq. (56), are now substituted into the above overall continuity
equation (for details see Bonizzi, 2003), an equation for the pressure is then obtained in the form:
anpp
n
p ¼ anwp

n
w þ anep

n
e þ Sp: ð58Þ
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It is clear from Eq. (57) that the mass fluxes that guarantee satisfaction of the overall continuity
are only those for the gas and composite liquid phases (i.e. aGqGuG and aMqMuM), and this is the
very feature that makes the new model for three-phase flow practically equivalent (from a com-
putational point of view) to that for two-fluid flow as described by Issa and Kempf (2003). This
similarity consequently leads to a relative easy implementation of the numerical procedure into an
already existing one-dimensional code based on the two-fluid model equations (such as the
TRIOMPH code used by Issa and Kempf, 2003).

A sequential iterative method is used to solve the system of discretised equations at each time
step. The equations solved in the sequence are as follows:

• The liquid component momentum equation (11) which gives the liquid velocity;
• The gas momentum equation (10) yielding the gas velocity;
• The pressure equation (57) for the pressure which is then used to update the liquid and gas ve-

locities to satisfy overall continuity;
• The gas continuity equation (7) which yields the gas phase fraction;
• The water-cut equation (9) that gives the water phase fraction.

Each of the sets of Eqs. (7), (9)–(11), (57) constitutes a tridiagonal matrix system which can be
solved directly using coefficients based on old iteration values. The iteration loop is executed until
the residuals in each equation become smaller than a fixed tolerance. Once convergence is
achieved for the given step, a new time increment is calculated based on the following dimen-
sionless number:
unG;maxDt

Dx
¼ C; ð59Þ
where the quantity C in Eq. (59) is typically set at 0.5.
The boundary conditions imposed must reflect both the physics and the mathematical character

of the governing equations (see Section 2.2). Here, five quantities (corresponding to the five
characteristics of the equations) must be specified, four at inlet and one at outlet (dictated by the
directions of the characteristics). At the inlet of the pipe the total liquid hold-up, and the su-
perficial velocities of the gas, oil, and water are specified and assumed to remain steady at those
values. At the outlet, the pressure is prescribed. The initial conditions correspond to stratified flow
with uniform velocity, phase fractions, and pressure fields.

While the information about the liquid–liquid flow pattern is determined from closure models,
that relating to the gas–liquid pattern is predicted automatically from the numerical solution of
the conservation equations. Liquid slugs still generate automatically and are captured in the same
way as in two-phase flow using the ‘‘slug capturing’’ methodology (Issa and Woodburn, 1998; and
Issa and Kempf, 2003). The method, allows liquid slugs to be captured as a mechanistic and
automatic outcome of the growth of hydrodynamic instabilities in an Eulerian frame.

In order to capture the natural growth of disturbances at the gas–liquid interface, the numerical
resolution must be high. In order to achieve such accuracy with the currently used first order
spatial and temporal discretisation schemes, very fine computational grids were utilised (typically
Dx=D � 0:4 was found to be sufficient). Systematic checks were carried to verify that all the results
are independent of the grid. Fig. 8 for instance shows the results of a grid dependency study,
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Fig. 8. Predicted slug characteristics versus dimensionless mesh spacing for a three-phase slug flow test case.
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related to one of the calculations, where the predicted (statistically steady) total liquid hold-up,
slug frequency, slug body length, and pressure gradient are plotted against the dimensionless mesh
size. From the figure, it is apparent that the numerical results are independent of the mesh spacing,
indicating convergence to a single specific solution (and thereby also verifying the well-posed
nature of the equations for those flow conditions).
4. Results and discussion

The calculations using the model are validated against two sets of experimental measurements.
The first experiment was performed by Odozi (2000) who used water at atmospheric condition,
and oil of density 865 kg/m3, and dynamic viscosity 48.0 · 10�3 Pa s. The pipe was horizontal, 38.0m
long, and with an internal diameter of D ¼ 0:078 m. The superficial velocities of the gas and liquid
were 4.0 and 0.5 m/s respectively; Odozi kept constant the total liquid superficial velocity, and
examined the flow behaviour for the whole spectrum of inlet water-cuts, ranging from 0 (limit
corresponding to two-phase air–oil flow), to 1 (that corresponds to two-phase air–water flow). It
should be remarked that the experimental measurements are subject to errors estimated to be
around ±5% for the phase hold-ups, and around ±0.5% for the pressure gradient (Hale and
Hewitt, 2001). In the simulations, the oil–water surface tension was taken as rOW ¼ 0:03 N/m and
from the given values of liquid viscosities, the effective viscosity of the liquid mixture was cal-
culated using the Brinkman law (Eq. (36)). Fig. 9 shows how the effective viscosity varies with
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water-cut; it should be noted that the figure incorporates an assumed inversion point at
Cinv

W ¼ 0:47. (this value being estimated from the data). The gas used is air with standard density of
1.2 kg/m3, and viscosity of 1.77· 10�5 Pa s. Regardless of the volumetric rates of the two liquids,
the observed flow pattern was always slug flow.

By application of Eq. (30) of the Decarre & Fabre model, phase inversion was predicted to
occur at a water-cut of 0.44. This value reflects, with good accuracy, the inversion region ex-
perimentally found by Odozi to occur at water-cuts between 0.45 and 0.48.

The kind of information that is typically extracted from a simulation is shown in Fig. 10, where
the phase fractions along the pipe are plotted. The predictions are for a case where the inlet water-
cut is 0.4, which is close to the phase inversion point (CW ¼ 0:44) as predicted by Eq. (30). In the
figure, each phase is represented by a different shade: gas is clear, oil is light shaded and water is
Fig. 10. Snapshot of three-phase slug flow animation. Gas in white, oil in light shade (red) and water in dark shade

(blue).
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dark. The predicted flow field is at an instant when slugs have already formed in the pipe, thereby
illustrating the slug capturing capability. The liquid–liquid flow pattern that generates locally in
the pipe is depicted either as dispersed (with liquid droplets represented by dots) or stratified
(indicated by separate liquid layers). It is interesting to observe that the liquids mix in the body of
the slugs, and in parts of the liquid films as well and become stratified in the film. After the
simulation is run for sufficiently long time to allow all slug characteristics to reach their statis-
tically ‘‘steady’’ values, the slug size distribution can be determined in the manner described by
Issa and Kempf (2003). Histograms of slug length distributions such as that shown in Fig. 11,
which pertains to the flow conditions mentioned above, can whence be constructed.

Fig. 12 displays the comparisons between experiments and predictions for the three-phase
pressure gradient. Like all other slug characteristics that are analysed in the present work, the
values are time averaged and calculated at a location close to the pipe exit for different values of
the inlet water-cut. The experimental data show a sharp increase in the pressure gradient as the
inlet water-cut approaches the inversion point. At a value of CW ¼ 0:41, the pressure gradient is
about twice as great as that for two-phase air–oil slug flow. As the inversion point is crossed, there
is an abrupt drop in the value corresponding to the sudden drop in mixture viscosity seen in Fig. 9.
As the water volumetric flow rate increases, the pressure gradient tends towards the value for air–
water slug flow, which is lower than the value for air–oil slug flow. The dashed line in Fig. 12
represents the inversion point according to Eq. (30) of the Decarre & Fabre model. It is evident
that the predictions of the model (displayed by the diamond shaped symbols in the figure) re-
produce fairly well the experimental trend: in the oil continuous region, the position of the peak is
around a water-cut value of 0.41, close to the phase inversion point, as in the experiments. The
numerical results consistently under-predict the experimental measurements even at the extremes
of two-phase flow (water-cuts of 0 and 1), with a maximum discrepancy of 35% for an inlet
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water-cut of 0.2. On the other hand, the rate of change in pressure loss in the oil continuous region
(from zero water-cut to phase inversion), and the abrupt drop across the phase inversion point,
are both predicted with good accuracy.

The good agreement between experiments and predictions can be explained by the ability of the
Decarre & Fabre model to capture the existence of turbulent or laminar dispersions locally, ac-
cording to Eqs. (33) and (34). Indeed, in a previous study by Bonizzi (2003) the model of Brauner
(2001) was implemented in place the Decarre & Fabre model. That model is restricted to turbulent
flows only, and was found to give much less accurate predictions. The existence of laminar dis-
persions, which are catered for by the present model, typically leads to larger volumes of liquid
dispersion in a slug unit (typically 50–70% in terms of total liquid volume, both in the oil and the
water continuous regions, as shown in Fig. 13), especially when the continuous phase is a highly
viscous oil. Ultimately, the enhanced value of effective viscosity (as predicted by the Brinkman
viscosity model), can play an active role in triggering more slugs as the concentration of the
dispersed phase increases. As the mixture viscosity increases, the shear between wall and liquid
becomes larger, leading to an increase in average slug unit hold-up, as depicted in Fig. 14. It was
found experimentally that as the water-cut goes from zero to higher values in the oil continuous
region, the total hold-up increases, and reaches its peak close to the critical water fraction. After
phase inversion, the hold-up decreases monotonically in the water-continuous region, and when
CW ¼ 1 the value for air–water slug flow is eventually reached. The calculated trend is in fair
agreement with the experiments: as phase inversion is approached, the global hold-up increases in
the oil continuous region. After the inversion point, the lower mixture viscosity in the water-
continuous region leads to smaller hold-ups. The good agreement found depends mainly on the
liquid–liquid flow patterns that are allowed by the model. If segregation of oil and water had been
excluded (i.e. by modelling the liquid field as a homogeneously dispersed oil–water mixture
throughout the flow domain as done by Kempf, 2002), the results would not have led to the



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Input water-cut,  Γ
W

 [ ]

0

10

20

30

40

50

60

70

80

90

100

A
ve

ra
ge

 v
ol

um
e 

di
sp

er
si

on
 in

 a
 s

lu
g 

un
it,

 [
%

]

Oil continuous (%)
Water continuous (%)

Oil continuous region Water continuous region

Fig. 13. Predicted average volumes of liquid dispersion in a slug unit for Odozi slug flow test case.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Input water-cut,  Γ

W
 [ ]

0 0
0.05 0.05

0.1 0.1
0.15 0.15
0.2 0.2

0.25 0.25
0.3 0.3

0.35 0.35
0.4 0.4

0.45 0.45
0.5 0.5

0.55 0.55
0.6 0.6

0.65 0.65
0.7 0.7

0.75 0.75
0.8 0.8

0.85 0.85
0.9 0.9

0.95 0.95
1 1

L
iq

ui
d 

ph
as

e 
 h

ol
d-

up
, α

M
 [

 ]

Odozi data (2000)
Predictions

Oil continuous region Water continuous region

Fig. 14. Comparison between measured and predicted liquid hold-ups for Odozi three-phase slug flow test case.

M. Bonizzi, R.I. Issa / International Journal of Multiphase Flow 29 (2003) 1719–1747 1741
correct slug characteristics, in particular the liquid mixture hold-up. Hence, it is crucial that
stratification between the liquids is properly accounted for, with the related slip calculated from
an appropriate model.

The slug frequency versus water-cut plot is presented in Fig. 15. In this case also, the agreement
between experiments and predictions is quite good. In the oil continuous region, the calculated
frequencies increase monotonically for water-cuts lower than 0.35; thereafter the peak value of
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0.45 1/s (with a discrepancy of just 7% with respect to the measurements) is maintained constant
until phase inversion. When water becomes the continuous phase of the mixture, the frequencies
gradually tend to lower values.

The second experiment considered for the assessment of the model is that of Stapelberg and
Mewes (1994), who describe measurements of oil–water–air systems under slug flow conditions in
a horizontal pipe 35 m long with an internal diameter of 0.059 m. The oil viscosity is 31· 10�3

Pa s, with density of 858 kg/m3. The oil–water surface tension was measured to be rOW ¼ 0:0535
N/m. Compared to the physical properties of the liquids used by Odozi in his experiments, the oil–
water viscosity ratio is lower (31 against 48), and the surface tension between the liquids is about
78% higher. In the experiments, for a fixed value of air velocity, the water fraction was varied in
steps of 25% between 0 (two-phase air–oil flow) and 100% (two-phase air–water flow). The total
liquid velocity was 0.244 m/s, except for the air–oil flow where a lower value (0.226 m/s) was used.
The air velocity is varied in the range 0–3 m/s. The authors found that the flow pattern was slug
for all gas and liquid flow rates, but unfortunately, they did not take into consideration, in the
classification of the three-phase flow patterns, the level of dispersion between the liquids. They
only state that, for low volume flow rates of the gas, the oil and water flow in a stratified state
throughout the pipe, whereas, as the velocity of the air increases, the liquids start to mix in the
slug body region. Regardless of the selected value of air volume rate, Stapelberg & Mewes did not
find any peak in the slug characteristics (in particular pressure gradient and slug frequency) in the
three-phase region. Instead, the measured pressure losses and slug frequencies were highest for the
case of two-phase air and oil flow.

The calculations were carried out for a gas superficial velocity of UA ¼ 2:5 m/s. The calculations
always predict slug flow, whether two or three-phase. Figs. 16 and 17 show the comparisons
between predictions and measurements for pressure losses and slug frequencies respectively. In
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both figures the dashed line refers to the water fraction at which inversion occurs, according to the
Decarre & Fabre model. The agreement between experiments and predictions in the oil contin-
uous region is fairly good: the maximum pressure gradient occurs, as in the experiments, at a
water-cut of 0%, corresponding to air–oil slug flow. As the water fraction increases, unlike in the
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Odozi experiments, the pressure gradient diminishes. After the inversion point the pressure drop
continues to decrease slightly, but then remain almost constant between CW ¼ 0:5 and 0.75. The
average absolute discrepancy between experiment and prediction is 16%. Consistent with what
happens to the pressure losses, the slug frequency is highest at the extreme of zero water flow. For
a water-cut of 0.25, the predictions indicate a sharp decrease, similar to the measurements. The
simulation, in fact, predicts longer slug sizes for that water-cut, implying that, on average, longer
slug units will generate to carry the same liquid flow rate. In the water continuous region, the
discrepancies between predictions and experiments become more evident as the water fraction is
increased, although the two trends are similar. The absolute average discrepancy is 42%.

Although Stapelberg & Mewes do not report any measurement of the degree of dispersion
between the liquid phases, the present predictions indicate that full dispersion always occurs in the
slug body region; however, nearly the whole of the film is in the stratified oil–water flow pattern.
When smaller portions of the slug unit are in the liquid–liquid dispersed flow regime, the enhanced
mixture viscosity, as given by the Brinkman law (1952), cannot play a significant role as in the
previous cases, where the liquids mix in much of the liquid film as well. The transition from
liquid–liquid stratified to dispersed flow in the experiment of Stapelberg & Mewes is thus hindered
due to the combination of high oil–water surface tension and low values of volumetric flow rates.
These are thought to be responsible for the predicted trend (which is opposite to the previous
one), a trend which is nonetheless still captured remarkably well by the model without any ad-
justment or tuning to the methodology.
5. Conclusions

A model to simulate three-phase (liquid/liquid/gas) slug flow in horizontal or nearly horizontal
pipes has been developed based on the framework of the two-fluid model in conjunction with a
drift–flux to combine the two sets of liquid equations into one. Hence the model could be easily
implemented within an already existing two-phase slug flow simulator. Slugs are automatically
captured from the solution of the conservation equations, provided that the mesh resolution is
sufficiently fine.

The closure laws for the determination of the local liquid–liquid flow pattern, and the critical
water fraction for the phase inversion, are crucial to the accuracy of the model. Two possible
liquid–liquid flow patterns are catered for: either segregation, or full dispersion. The criterion
adopted to discriminate between stratified and dispersed liquid–liquid flows is based on the
prediction of the maximum drop size that generates under local flow conditions. If it is smaller
than the critical size (above which dispersion cannot occur) the liquids are considered to be mixed;
otherwise, they flow in separate layers. Furthermore, if dispersion occurs, a correlation is needed
to determine which of the phases is continuous. The recommended closure is that by Decarre &
Fabre, originally developed for the determination of the critical water fraction for phase inversion
in a two-phase system. An interesting aspect of that model is that it caters for different types of
flow regime (either laminar or turbulent) for each liquid phase, and takes into account the local
flow conditions as well as the fluid properties. From the combinations of the possible liquid flow
regimes (turbulent–turbulent, laminar–turbulent, or laminar–laminar), different relations are de-
rived. In order to account for the increase in the dynamic viscosity of the mixture, a relation such
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as that of Brinkman must be used. With the aforementioned models, good agreement between the
numerical results and experimental data for the major slug characteristics was found.

It has to be remarked that although the model of Decarre & Fabre, performed extremely well in
all the three-phase calculations discussed here, it is not valid for a wider spectrum of gas velocities.
In fact, several experimental findings indicate that as the volumetric flow rate of the gas phase is
increased, phase inversion would shift towards higher water-cuts. This physical effect seems to be
due to gas entrainment that becomes greater as the gas velocity increases. Since Decarre & Fabre
derived their model from studies of two-phase liquid–liquid pipe flow, it is evident that the
equations would not account for the presence of gas bubbles in the dispersed liquid region. Also,
the overall model presented here ignores the entrainment process (a feature which needs to be
modelled in future). If accurate results are to be achieved regardless of the inlet gas flow rates, it is
crucial for phase inversion in gas–liquid–liquid systems to be modelled better together with gas
entrainment. The concept of modelling a spontaneous physical process, like phase inversion, using
the criterion of minimisation of the total system energy appears to be most feasible; it has already
been adopted successfully by Decarre and Fabre (1997), and by Brauner and Ullmann (2002),
who both arrived at the same condition. Development of a more general model based on the same
principles could provide a powerful tool in accounting for three-phase effects.
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